This paper presents fully discrete stabilized finite element methods for two-dimensional Bingham fluid flow based on the method of regularization. Motivated by the Brezzi-Pitkäranta stabilized finite element method, the equal-order piecewise linear finite element approximation is used for both the velocity and the pressure. Based on Euler semi-implicit scheme, a fully discrete scheme is introduced. It is shown that the proposed fully discrete stabilized finite element scheme results in the ℎ 1/2 error order for the velocity in the discrete norms corresponding to 2 (0, ; 1 (Ω) 2 ) ∩ ∞ (0, ; 2 (Ω) 2 ).
Introduction
Bingham fluid is a rigid viscoplastic fluid which is a kind of non-Newtonian fluid. Many important substances are well approximated as Bingham fluid flow, such as the drilling muds, the cement slurries, and the coal slurries. A well understanding of Bingham fluid flow also is important to technology, engineering, and industrial applications, such as the heat transfer, the heavy crude oils, and underground natural resource recovery.
The time-dependent Bingham flow problem is defined by
for ∈ Ω and ∈ [0, ], where Ω ⊂ R 2 is a bounded and convex domain and denotes the density of external force. 
The above equation should be completed by the appropriate initial and boundary conditions. For the sake of simplicity, we consider the following the initial and boundary conditions:
( , 0) = 0 ( ) , for ∈ Ω.
The numerical method for Bingham fluid flow is still a challenging task since Bingham fluid flow takes the form of nonlinear and nondifferentiable variational inequality problem. Generally, there exist two main numerical techniques: one based on the regularized method [1] and the other based on the augmented Lagrangian method [2] . Because the regularized method makes variational inequality problems into the equations, it is a powerful tool to deal with the variational inequality problems, such as the obstacle problem [3, 4] , Navier-Stokes problems with subdifferential boundary conditions [5, 6] , and etc.
Although there have much works on the numerical simulation for steady and time-dependent Bingham fluid flow, such as [7] [8] [9] [10] [11] [12] [13] [14] and references cited therein, the error estimates for the finite element approximation have not been studied as much [15, 16] . Roughly speaking, the convergence order for the velocity approximation is (ℎ 1/2 ). Moreover, it appears to be difficult to improve this order for the general 2 Mathematical Problems in Engineering domain Ω ⊂ R 2 , which can be improved only for some special cases. For example, if Ω is a disc, Glowinski [1] improved the error estimate to (ℎ| ln ℎ| 1/2 ) in terms of the explicit formulation of the velocity. If the flow is axisymmetric, the optimal error estimate can be derived by Zhang [16] in terms of the accurate estimate to the nondifferentiable term. On the other hand, the solution of Bingham fluid flow is of the poor regularity; thus it does not lead us to employ the high-order finite element approximation, such as 2 − 1 finite element for the approximation of the velocity and the pressure. In the development of the finite element approximation methods for the incompressible fluids, some kinds of lower-order mixed finite elements which do not satisfy the discrete inf-sup condition are work well by introducing a stabilized term in the discrete variational formulation. The first stabilized finite element method for Stokes problem is proposed by BrezziPitkäranta [17] in the context of the 1 − 1 triangular element. Subsequently, Hughes and Franca [18] derive a discrete Stokes formulation by introducing a pressure jump operator such that the stable condition holds for all mixed finite elements. In particular, the equal-order 1 − 1 triangular element is very attractive and important in the scientific computation because it is computationally convenient. Therefore, many kinds of stabilized finite element are proposed, such as the locally stabilized method [19] , the pressure projection stabilized method [20, 21] , and the pressure stabilized method [22, 23] . Here, we will apply the Brezzi-Pitkäranta stabilized finite element method which has been used by Latché and Vola [15] to the steady Bingham fluid flow. Based on this stabilized methods, an augmented Lagrangian method has been studied by Zhang [14] to steady Bingham fluid flow in a lid-driven square cavity.
In this paper, we extend Latché and Vola's work to the twodimensional time-dependent Bingham fluid flow and study the fully discrete stabilized finite element scheme by using the method of regularization. The time discretization is based on the backward Euler scheme with the time step Δ . Denote the finite element spaces by ℎ and ℎ related to the BrezziPitkäranta stabilized finite element for the approximation of the velocity and the pressure. Denote the fully discrete finite element approximation solution by ( ℎ , ℎ ) ∈ ℎ × ℎ . The main result derived in this paper is to prove the following error estimate for the fully discrete scheme:
where = /Δ , = Δ ∈ (0, ], ( = 1, ⋅ ⋅ ⋅ , ), > 0 is the regularized parameter, and > 0 is some positive constant independent of , ℎ, and Δ . The rest of this paper is organized as follows. In Section 2, we describe some preliminary knowledge about Bingham fluid flow and its regularized problems. In Section 3, we give the semidiscrete stabilized finite element approximation for the regularized problem. In Section 4, we present a fully discrete finite element approximation using Euler semiimplicit scheme and prove the error estimates (6) .
Throughout this paper, we use the symbol to denote a positive constant whose value may change from place to place but that remains independent of ℎ, Δ , and and that maybe depends on , Ω, and the norms of , , , and .
Bingham Fluid Flow and Regularized Problem
In what follows, Ω ⊂ R 2 denotes a bounded domain, and its boundary is denoted by Ω. We employ the standard notation (Ω) and ‖ ⋅ ‖ , ≥ 0, for the Sobolev spaces of all functions having square integrable derivatives up to order in Ω and the standard Sobolev norm. When = 0, we will write 2 (Ω) and ‖⋅‖ instead of 0 (Ω) and ‖⋅‖ 0 , respectively. Let be a Banach space. Denote by the dual space of and by ⟨⋅, ⋅⟩ the dual product between and . Denote by Bochner spaces (0, ; ), 1 ≤ < +∞ the linear spaces of measurable functions from the interval [0, ] into such that
If = +∞, the functions in ∞ (0, ; ) are required to satisfy
For the mathematical setting, the function spaces below are frequently used in this paper:
The norm in is defined by
We introduce the bilinear forms
and the trilinear form
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Moreover, there exists some positive constant such that
It follows from Korn's inequality that ( (V, V)) 1/2 is equivalent to the norm in ; i.e., there exist two constants 1 > 0 and
Suppose ∈ 2 (0, ;
. The variational formulation of Bingham fluid flow (1), (2), (4), and (5) takes the following form of the variational inequality problem of the second kind: find ( ( ), ( )) ∈ × such that
for any (V, ) ∈ × and ∈ (0, ), where
An alternate variational formulation of (1), (2), (4), and (5) reads as follows:
for any V ∈ and ∈ (0, ). Now, we introduce Stokes operator [24, 25] . Denote by the orthogonal projection :
Its inverse −1 is self-adjoint and compact from to . Since Bingham fluid flow takes the form of nondifferentiable variational inequality problem due to ( ), it is natural to approximate ( ) by a family of functions ( ) which is convex and differentiable, where > 0 is small parameter. Take ( ) in the form
then it satisfies
and ⟨grad ( ) , ⟩ = lim
The regularized problem of (16) is
with the initial condition ( , 0) = 0 ( ) for ∈ Ω. Moreover, (17) is equivalent to
Since ( ) is differentiable, according to (21) and after a simple calculation, the regularized problems (22) and (23) also take the following forms:
and
where
Moreover, (⋅) satisfies the monotone property:
Setting V = in (25), using (13) and ( ( ), ) ≥ 0, we get
Then
Integrating the above inequality from 0 to < and from 0 to with respect to , respectively, we conclude sup
The following theorem gives the error between and with respect to .
) are the solutions of (17) and (23) , respectively, then there holds
Proof. Taking V = in (17) and V = in (23) and adding them, we obtain
By using (13) and Young's inequality, we have
From (20) and Hölder's inequality, we have
With the above two estimates, (32) reduces to
Therefore, the error (31) can be derived from Gronwall's inequality, (0) − (0) = 0, and (30).
Semidiscrete Stabilized Finite Element Approximation
In this section, we will discuss the semidiscrete BrezziPitkäranta stabilized finite element approximation for the regularized problem (22) . To verify the existence and uniqueness of the solution to the discrete problem, the weakly coercive property for a generalized bilinear form is established. Let T ℎ be a family of quasi-uniform triangular partition of Ω. The corresponding ordered triangles are denoted by 1 , 2 , ⋅ ⋅ ⋅ , . Let ℎ = diam( ), = 1, ⋅ ⋅ ⋅ , , and ℎ = max{ℎ 1 , ℎ 2 , ⋅ ⋅ ⋅ , ℎ }. For every ∈ T ℎ , let ( ) denote the space of the polynomials on of degree at most . For simplicity, we consider the conforming finite element spaces ℎ and ℎ defined by
Denote by ℎ and ℎ the 2 orthogonal projection operators onto ℎ and ℎ , respectively, which satisfy
The following inverse inequalities will be used in this section:
The semidiscrete Brezzi-Pitkäranta stabilized finite element approximation of (22) reads as follows: find
for any (V ℎ , ℎ ) ∈ ℎ × ℎ , where > 0 is the stable parameter, and the stable term ℎ (⋅, ⋅) is defined by
The discrete initial condition ℎ (0) = 0ℎ = ℎ 0 . Moreover, an alternative to (40) is
Define a mesh-dependent norm [⋅] ℎ on ℎ by
Then, it holds that
Mathematical Problems in Engineering 5 which is derived by Latché and Vola [15] . Moreover, ℎ ( , ) also is defined for any couple of functions , ∈ 1 (Ω) and satisfies
Introduce the generalized bilinear forms B(⋅, ⋅; ⋅, ⋅) and B ℎ (⋅, ⋅; ⋅, ⋅) on ( , ) × ( , ) defined by, respectively,
Then the solution ( ℎ , ℎ ) of (40) or (42) satisfies
(48) First, we establish the following stable theorem to verify the existence and uniqueness of the solution to the discrete problem.
Theorem 2.
For any > 0, there exist two positive constants
Proof. A similar results for (49)-(50) have been shown in [26] . For completeness, we supply its full proof. In terms of (39), it is easily to check that
which completes the proof of (49). Since the operator div is an isomorphism from to , then for every ℎ ∈ ℎ ⊂ , there exists a unique ∈ such that div = ℎ ,
where 1 > 0 is independent of ℎ. Setting ℎ = ℎ and (V ℎ , ℎ ) = (− ℎ , 0), where > 0 is a positive constant determined latter, and using Hölder's inequality, Young's inequality, (44), we obtain
As a result of the above inequality, taking
(54)
where 3 = min{ 1 /2, /2}. On the other hand,
where 4 = 1 + 1 , which together with (55) leads to
We complete the proof of (50) with 2 = 3 / 4 .
It follows from Theorem 2 that the discrete problem (47) shows a unique solution
In order to derive the error estimates for the finite element approximation ( ℎ , ℎ ), we make the following regularity assumptions of the solution ( , ) to (22):
The semidiscrete finite element approximation solution ( ℎ , ℎ ) ∈ ℎ × ℎ is of the following error estimate.
Theorem 3. Suppose that the assumptions (R1) and (R2) are satisfied. For any
> 0, if ( , ) and ( ℎ , ℎ ) are the solutions of (24) and (48), respectively, then they satisfy
Proof. Problem (24) takes the following form:
Subtracting (60) from (48) and taking V ℎ = ℎ − ℎ and ℎ = ℎ − ℎ in the resulting equation, we get
Since ℎ is the 2 orthogonal projection operator, the first term in (61) can be rewritten as
It follows from (27) that
Then, substituting (62) and (63) into (61), it yields
All terms in the right hand side of (64) can be estimated in terms of Hölder's inequality, Young's inequality, (37), (38), (44), and (45). The term ( , − ℎ ) is bounded by
The second term in the right hand side of (64) satisfies
We rewrite
Then three terms in the right hand side of (67) are bounded, respectively, by
(68)
(69)
Finally, we estimate ( ( ) − ( ℎ ), ℎ − ) by
By using (45), we have
Substituting these estimates (65)- (72) into (64) gives
Therefore, (59) follows from Gronwall inequality, (R1), (R2), and (58).
Fully Discrete Scheme
In this section, we present a fully discrete scheme to approximate the solution ( , ) of the regularized problem. The time discretization is based on the backward Euler scheme. Let be a positive integer. We set the time step Δ = / and the discrete time = Δ , = 0, 1, ⋅ ⋅ ⋅ , . Then the fully discrete finite element approximation of (22) is given as follows: for = 1, ⋅ ⋅ ⋅ , and the iterative initial condition 0 ℎ = ℎ 0 , find ℎ ∈ ℎ and ℎ ∈ ℎ such that
It is easy to check that scheme (74) is unconditional stable.
Theorem 4.
For any > 0, the solution ℎ of (74) satisfies
Proof.
That is,
we get
Summing (80) from = 1 to = ≤ leads to (76). Denote
Now, we begin to prove the following error estimate between ( ( ), ( )) and ( ℎ , ℎ ) in the discrete norms corresponding to 2 (0, ; ) ∩ ∞ (0, ; 2 (Ω) 2 ).
Theorem 5. Suppose that the initial data
2 ), ∈ 1 (0, ; 2 (Ω)), and 0 ∈ . Under the assumptions (R1)-(R3), there exists some 0 > 0 such that when Δ < 0 , we have
Proof. Setting V ℎ = ℎ ( ) and ℎ = ℎ ( ) in (74), we get
By taking V = ℎ , = ℎ and = in (22), we obtain
Taking the sum of (83) and (84) yields
Since ℎ is the 2 orthogonal projection, then −( ℎ , ) = 0. Moreover, there holds
Noting − ℎ = − ( ) and − ℎ = − ( ), we have
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Using (44) and Young inequality, B ℎ ( , ; , ) is bounded by B ℎ ( , ; , ) = ( , ) − ( , ) + ( , )
where > 0 and > 0 are two small constants determined later. We estimate B ℎ ( ( ), ( ); , ) by
We rewrite (
All terms in the right hand side of (90) are estimated, respectively, by
The last term ( , ) + ℎ ( ( ), ) in (85) can be easily bounded by
Combining (86)- (97) into (85) leads to
In terms of (37), (38), and (45), it is easy to check
Then, using Young's inequality, we get
(100) Choosing = 1 /8 and = 1/4 gives
Multiplying (101) by 2Δ and summing for = 1, ⋅ ⋅ ⋅ , ≤ yield
where we use (A1), (R1), and (76). Since
then we obtain
where we use ‖ 0 ‖ = ‖ 0 − ℎ 0 ‖ ≤ ℎ‖ 0 ‖ . Thus, it follows from the discrete Gronwall's inequality (cf. [27, 28] ) that there exists some 0 > 0 such that when Δ < 0 ,
Next, we estimate Δ ∑ =1 | ( ) − ( ), |. Since ( ( ), ( )) solves (24), we have 
where > 0 is some sufficiently small constant. Under the assumption (R2), the last two terms in (106) can be estimated by 
Then, substituting (106)-(109) into (105), for sufficiently small > 0 we obtain (82). Theorem 5, let ( , ) and ( ℎ , ℎ ) be the solution of (16) 
Theorem 7. Under the assumptions in

